Anharmonicity of the two-phonon states in 76Se, 78Se and lOoRu, 102Ru, I04Ru is investIgated by means of the selfconsistent-collective-coordinate method. It is shown that the neutron-number dependence of the properties of the 02+ states can be reproduced by renormalizing the coupling effect of the neutron pairing vibrations into the collective Hamiltonian for quadrupole vibrations. § 1. Introduction
In the theory of the large-amplitude collective motion, it is one of the most important problems how to construct the collective subspace in which the motion under consideration can be described approximately.
In order to analyze the dynamical properties of the collective subspace, we can use the concept "normal mode". The normal modes can be defined by means of RP A inthe small amplitude limit. There exist many kinds of normal modes corresponding to various motions. We call one of them corresponding to the collective motion under consideration, "the collective mode", and others "the noncollective modes". Then, although they are completely decoupled with each other in the small amplitude limit, they must, as a matter of fact, be coupled with each other in a complicated way. We call this coupling the mode-mode coupling. Therefore the collective subspace is expected to be constructed including the effects of such collective-noncollective mode-mode couplings, keeping the collective mode as the main building element. Thus we can discuss the properties of the collective subspace qualitatively or quantitatively from a viewpoint of these mode-mode couplings.
In this paper we will take up Se isotopes 76Se, 78Se and Ru isotopes; looRu, l02Ru, l04Ru.
Anharmonicity of the quadrupole vibrational states in these nuclei is known to have an interesting characteristic; namely, for the case of the Se isotopes/ l the two-phonon 0 2 + state is lowest in energy among the two-phonon triplet in 76Se, while it is highest in 78Se, and for the case of the Ru isotopes,2 l it is lowest in looRu and l02Ru, while it is highest in l04Ru.
There have been several microscopic studies concerning the anharmonic quadrupole vibrations in these nuclei. Lie and Holzwarth 3l used a modified Marumori boson expansion method and suggested that it would be important to take into account the coupling effect with the pairing vibrations, although their results were such that the level spacing is larger and energy of the 02+ state in looRu is too high among the triplet compared with the experimental data. Weeks and Tamura 4l and also Tamura, Weeks and Kishimoto 5l applied the boson-expansion method, taking into account the coupling effects with the ]"=2+ noncollective modes by means of the method of Kishimoto and Tamura. 6 ) They obtained rather good agreement with the experimental data with respect to the level spacing, although the behavior of the 02+ states was still not so well reproduced. Tazaki, Takada, Kaneko and Sakata,7) and also Takada and Tazaki 8 ) took into account the coupling effect with the pairing vibrations, and showed that the 02+ states are indeed lowered by this effect, but they neglected the other noncollective modes.
In the works mentioned above, the truncation of the space has been performed more or less on the basis of the physical intuition. Therefore the important question has remained to be answered. We must estimate the effects of the couplings with the modes which have been neglected.
The selfconsistent-collective-coordinate (See) method, proposed by Marumori, Maskawa, Sakata and Kuriyama,9) and developed by Matsuo and Matsuyanagi10),1l) into a form applicable to nuClear phenomena, provides us with such a selfconsistent scheme to extract the collective subspace from the huge dimensional phase space of the time-dependent Hartree-Fock (TDHF) or the time-dependent Hartree-Bogoliubov (TDHB) approximation, and enables us to accomplish the above subject.
The main purposes of this paper are, 1) to examine whether the neutron-number dependence of the behavior of the 02+ states can be reproduced or not by means of the see method, and 2) to clarify the microscopic reason for such a neutron-number dependence from the viewpoint of the analysis of the mode-mode coupling, i.e., to build a clear relation between the behavior of the O2+ states and the dynamical properties of the collective subspace.
It should be stressed that the essential difference between this work and the other previous works consists in the point that we have no a priori assumptions about the importance of the special noncollective modes; namely, we take into account the coupling effects with all the noncollective modes with ],,=0+, 2+, 4+ as long as they couple with the collective mode. Thus, this work may be regarded as an extension of all the previous works.
In § 2, we introduce the model Hamiltonian used in the calculations. Then, in § 3 we apply the see method to this model Hamiltonian, and obtain the collective Hamiltonian, the collective representation of the quadrupole operator and the potential-energy surface. Section 4 is devoted to the preparation for numerical calculations, where the single particle levels, the force parameters and the effective charge adopted in the numerical calculations etc., are explained. In § 5, we give several considerations based on the results of the numerical calculations. Section 6 is devoted to concluding remarks.
A preliminary result of this work was previously reported in Ref.
12). § 2. Model Hamiltonian
We adopted the following Hamiltonian as a model Hamiltonian
where Ho represents the single particle Hamiltonian, and H p , HQQ, Hp2 represent the pairing interaction, the quadrupole interaction, the quadrupole pairing interaction, respectively. V(3) represents the effective three-body interaction as a higher order of H QQ , which was proposed by Sakamoto and Kishimoto.
)
Ea is the single-particle energy and (Ca t, Ca) are the fermion creation and annihilation operators. {a} denotes the quantum numbers (na, ja, m a), where ja is the angular momentum, ma is its z-component, and na represents the additional quantum number. {a} denotes the same quantum number as a without mao The one-body operators Pr t, Q21', Pi,21', R are written as -1
2 aEr a a ,
In the BCS quasiparticle representation, our model Hamiltonian is rewritten as 
where Ua, Vb are the usual u, V factors in the BCS approximation. § 3. Application of the sec method to transitional nuclei
In this section we formulate the SCC method in a form applicable to transitional nuclei. For the case of a degenerate many j-shell model it is explained in Ref. 14) . So this work can be regarded as its generalization to a many j-shell model including the nondegenerate case. 
Here r labels different modes with the same multipolarity (A,u). As for the collective quadrupole vibrational mode, in order to deal with the situation where its RPA frequency becomes zero or imaginary, it is better to adopt the RP A formalism in the coordinate and momentum representation instead of Eqs. (3·4) and (3·5). The RPA coordinate and momentum operators corresponding to the collective quadrupole mode In solving the basic equations by the (1] 1'*' 1]1', N r -Nor) expansion, we must put an attention on the lowest order, because all information about what motion we consider is input to the theory at the lowest order. Now, as we are treating anharmonic quadrupole vibrations in the transitional nuclei, we require that the motion under consideration should· reduce to the RPA quadrupole-collective-mode (Xd?l', X C21') in the small-amplitude limit. Then we can set the lowest-order term as
where a and r are arbitrary complex numbers satisfying la 2 1-1r12=1. If we set cm, in this form, we can treat 7Jp. * and 7Jii as the irreducible tensors of rank 2. A choice of their values fixes our coordinate system for the collective submanifold. We set a =1/2(s+s-I) and r=I/2(s-I-s) with
This is the optimized RP A boundary condition introduced in Refs. 10) and 15). With this boundary condition, we can rewrite the lowest-order term as
9'c(ab)= h{s qeon(ab)-S-Ipeon(ab)}.
(3'27)
They are well defined also in the case where the RP A phonon frequency Weon becomes zero or imaginary. Thus, we can go beyond the RPA critical point. We can also write the lowest-order term of ,gc as
where
IB .
S con (3'33)
Following the (7Jp. *, 7Jp., NT~ NOT) expansion procedure/I) we can obtain the higherorder terms. The second-order terms are written as follows:
The collective branch is given such that
The noncollective branches cm:(r=Fc) are formally written as Cf# and CW are written as
The collective branch of the third-order solutions can be written as CW; = C~:r;,tru + C~:r;,dyn with C~:r;,tru and C~:r;,dyn, 
The meanings of the subscript "tru" and "dyn" will be explained later. In this paper we derive S{ up to the fourth order; 
Collective Hamiltonian and collective representation of the quadrupole operator
In the last subsection we have derived the quantities needed to express the collective Hamiltonian !f{ up to the 4-th order and the collective representation of the quadrupole operator up to the corresponding order; namely the 3-rd order.
The classical collective Hamiltonian is written as (4), (3 '45) where !f{ (2) is given by Eq. (3· 31). !f{ (3) and !f{ (4) are given by
!f{(4) can be decomposed into three terms
Each term is given by where each term is given by
Now we will explain the meaning of the subscripts "tru" , "dyn" and "pair". As one can see from Eq. (3·36), Bm; contains the coupling effect between the collective mode and the noncollective mode (rA). So, &~Vn represents the dynamical anharmonicity terms originated from the collective-noncollective mode-mode couplings. We will discuss this point in detail later. &&4Jir represents the dynamical anharmonicity terms originated from the couplings between the coollective mode and the pairing rotations through iCe. On the other hand, &!n consists of only the collective modes. It does not contain any coupling with the noncollective modes or the pairing rotations. So, 3(~n represents the same anharmonicity effects which are obtained even in a multiphonon space built out of the collective mode only. We call this space the truncated space, so use the subscript "tru". Other quantities with the subscripts, "tru" , "dyn" and "pair", contain the same effects as explained above. In order to obtain the spectra and B(E2), we have to quantize & and Q r,2P' We have adopted the canonical quantization procedure with normal ordering. 15 ) N amely, we replace the classical collective variables (lJp *, lJp) with the quadrupole boson operators (dp t, dp ) and take normal ordering. Finally, the quantized collective Hamiltonian and the quadrupole operator can be written as
Here the fourth-order coefficients of the Hamiltonian can be decomposed into three parts corresponding to j{ii~, j{~Vn, j{~iiir,
And, h}~J.yn can be expressed as a sum of various coupling effects with the noncollective mode with (rA),
It should be stressed that in the see method the mode-mode coupling effects are renormalized in a very natural way into the collective Hamiltonian as modifications of h}ii) due to h~;2Yn and h~;{}air without any ambiguous assumption. For the explicit expressions for hUj) and qr(ij), see Ref. 16).
Potential energy suiface
In order to clarify the deformation property, it is desirable to derive the potential energy surface from iI. For this purpose we first rewrite iI in terms of the position and momentum operators defined by
where z is a scaling parameter, and rearrange the operators (ap, Jrp) into the Weyl ordering.
)
Then we define the collective potential by the terms independent of Jrp in this Weyl-ordered form,
Transforming to the intrinsic coordinate system defined by The coefficients {Vi} are given as follows: 
V3=-~ H(h(30)+h(2l»)Z-3,
where A and R are a mass number and an average radius of the nucleus under consideration. Then we adopt our Q2P in the lowest order as Q2P in Eq. (3'84). Namely, (3'85) where an extra factor 2 comes from the fact that the polarization charge for the mass-quadrupole moment is assumed to be unity. 19 the relation
can be established. Then we can identify (/3, r) defined above with Bohr's deformation parameters.
H. Aiba § 4_ Numerical calculation
This section is devoted to the preparations for the numerical calculations. We explain the adopted model space,. interaction strength, effective charge, etc.
For Se isotopes we have adopted the same model space and single-particle energies as those in Uher and Sorensen's work. 20 ) For Ru isotopes we have adopted the same model space at that in Ref. 4) , and use the single-particle energies based on Uher and Sorensen's work with slight modification for the neutron part. They are found in Fig. 1 . We found that the quasiparticle spectra associated with these orbits are consistent with the experimental spectra of 95Ru (Refs. 21) and 22) ) and of 97,lOlRu (Ref. 23)).
As for interactions, we have six force strengths (Gp, Gn, X2, X3, G2P, G2n). The strengths of the pairing interactions (Gp, Gn) are determined so as to reproduce experimental odd-even mass differences. The data were taken from Ref. 24) .
We parametrize X2, X3 and G2r as 
where e is the proton charge, and e(POl) is the polarization charge due to the core polarization. In the numerical calculations we fix e(POl) so as to reproduce the experimental B(E2; 21 + ~ 01 +). The e(POI) values used are listed in Table I . They are too large compared to the values (Z/A)e to be expected. It should be investigated in future the reason why we must adopt such large values. §
Results and discussion
In this section we give several considerations based on the results of numerical calculations. In § 5.1 we compare the calculated spectra, B(E2), and the quadrupole moment with the experimental data. Section 5.2 is devoted to the discussion about the validity of the force parameters used in the calculations. In § 5.3 the effects of mode-mode coupling are discussed in detail. Finally, the effects of the higher-order effective interaction V(3) are discussed in § 5.4.
Comparison between numerical calculations and experimental data
In Figs. 2 and 3 , we compare the calculated spectra with experimental data for 76. 78 S e 25),26) and 100-104Ru. 2 ) The overall agreement is very good. From the experimental data, we can find that these isotopes have an interesting characteristic. Namely, for Se isotopes the two-phonon O2+ state is lowest in energy among the triplet in 76Se, while it is highest in 78Se. Also for Ru isotopes the 0 2 + state is lowest in looRu and 102Ru, while it is highest in 104Ru. This experimental trend can be well reproduced in . the calcUlations both for Se and Ru isotopes, although the 22+ state in 76Se is slightly lower than the O2+ state. The microscopic origin for the neutron-number dependence of the property of the O2+ state will be discussed in § 5.3.
The calculated B(E2) and the quadrupole moments are listed in Table II with ., 
Validity of the force parameters
Before going on into detailed discussion, we should examine the validity of the force 'parameters used in the calculations. There are two adjustable parameters in (8) the calculations, namely 12 and g2.
The criterion for the validity of 12 is, roughly speaking, how it is close to unity. Namely, how X2 and X3 are close to X2(SC) and X3(SC) defined in (4'2) and (4'3) respectively. From Table I , it should be said that 12 adopted for each nuclei is too small compared to unity. However, it must be remembered that these self-consistent values have been estimated in the situation where only few valence particles interact with each other outside the closed core. Then the effeCt of the core polarization is renormalized into X2(SC) and X3(SC).13) The model space adopted in the numerical calculations is large in comparison with the above mentioned situation. Therefore it is reasonable that 12 is reduced from unity. Indeed, if all the major-shell space is taken into account, then xl;C) and X3(SC) must be reduced to half of their values. The ratio of C2T adopted in the calculations to C~~C), GzT/C~~C) for protons and neutrons are listed in Table. III. For Se isotopes, the ratio for both protons and neutrons are very close to unity. This indicates the validity of g2 used in the calculations. For Ru isotopes, the ratio for the neutron part is also very close to unity, but the ratio for the proton part is rather too small. This is because we have ad9pted Eq. (4'1) as a parametrization of the quadrupole pairing interaction strength, although the values of C~~C) and Q;? are very different from each other in lOO-104Ru. From the physical point of view, it will be better to adopt as a parametrization one in the following form/ 9 ) 7·S e 7SSe 100Ru 102Ru 104Ru 
But we have adopted Eq. (4 ·1) in this work, since we follow the same parametrization as in the works done before 4 ),6) to be able to make a comparison with them in a clear way. Fortunately, we confirmed that its discrepancy affects the final result only a little.
In Table IV , we compare, in the case of looRu, the results of this work with the calculations where only G2P is changed as Gzp/G~~C)=0.94 and other parameters are unchanged. It can be seen. from Table IV that the difference between them is rather small.
Analysis of the mode-mode couplings
As was shown in § 5.1, we could successfully reproduce the neutron-number dependence of the property of the 02+ states. In this subsection we will explain the microscopic reason for this success:
As was mentioned in § 3.3, B~1~ in Eq. (3·50) contains the coupling between the collective mode and the noncollective mode (rA). Following the same procedure as in Ref. 10) , B~1~ is decomposed into the following form:
(cc).)( ij ij).,u+ V(rA(c; c).)(7J* ij).,u+ V(rA(cc).; )(7J*7J*).,u. (5·3)
The quantities V defined above express the mode-mode coupling vertices between the RPA collective modes and the noncoI1ective RPA mode (rA). These are diagrammatically represented in Fig. 4 . Then, since !J(Wn can be expressed with B~1~ in the form of Eq. (3·50), it is obvious that !J(Wn contains the dynamical-anharmonicity terms which are represented diagrammatically in Fig. 5 . Note that each diagram in this figure does not correspond to each term h):a~n(;.), hb~d~n(T.) and hb;S~n(T.) in Eq. (3·68), but they are mixed up in these terms under the optimized RPA boundary condition (3·26). Anyway, it is true that the above terms express quantitatively the strength of the mode-mode couplings. In Fig. 6 , we show the neutron-number dependence of the contributions of the various mode-mode coupling effects to the coefficients of the collective Hamiltonian, h&7~~n(To), h~7~~n(T2), hi7~~n(T4). Here, for example, h&7~~n(TO) represents the contributions of the coupling with the noncollective mode (rO) to the coefficient h O (22) . In the present model space, the number of the RPA modes in Se isotopes are 12, 28, 46 for ]"=0+, 2+, 4+, respectively, in which the 2+ collective phonon and the neutron and the proton pairing vibrations are included, and in Ru isotope, they are 10, 23, .32. From Fig. 6 , we can firstly see that the coupling effects with the neutron pairing-vibrational mode are very large compared with the other modes, and have a large neutron-number dependence. Second, although each contribution of other modes is small in itself, they coherently contribute. Therefore we cannot ignore them. Next, we investigate the effects of mode-mode couplings on the spectra. . Column (a) represents the contributions from the ,1=0 modes to hO (22) , and column (b) those from the ,1=2 modes to h2 (22) , while column (c) those with the ,1=4 modes to h 4 (22) . From the upper part to the lower part are shown the calculated results for 76, 7S Se and lOO,102,104Ru. In each figure, the ordinate represents the values of h, (22) in units of MeV, ani. the abscissa from left to right represents the RP A modes with the smaller energy to those with the larger energy.
The notation p represents the neutron pairing vibration.
shows the result calculated by taking all the RPA modes with ],,=0+,2+ and 4+ into account. Column (f) is the final result of the SCC method in which the coupling effects with the pairing rotations are included as well. From these figures, the above statements derived from Fig. 6 are confirmed again. Namely we must take all the noncollective mode into account to get the results where energies are enough lowered in agreement with the experimental data. Furthermore, among all the noncollective modes, the modes with T'=O+ are especially important, since the energies of the O2+ states in 76Se, looRu and l02Ru are significal)tly lowered by the coupling with these modes. On the other hand, in 78Se and l04Ru, no such large effects can be seen. And we have already seen that the neutron pairing vibration is the main mode among those with ]"=0+. From the above considerations, it can be concluded that the coupling effect with the neutron pairing vibration mainly governs the neutron-number dependence of the properties of the 02+ state.
The reason for this large coupling effect with the neutron pairing vibration can be understood by examining the microscopic structure of coupling vertices, in a similar manner as was done in Ref. 10) . It was found that this mechanism is essentially . the same as discussed in Ref. 7) . The main amplitudes of the neutron pamng vibration are associated with the P1!2 and g9/2 orbits in 76Se, and the dS/2, Sl/2 and g7/2 orbits in lOO,102Ru. The magnitude of coupling vertices is determined by constructive coherence of these main amplitudes. It is very sensitive to the subshell structure. The importance of the single particle levels to be adopted was discussed in the previous paper. 12 ) The importance of the mode-mode couplings can also be understood from their effects on the potential-energy surface, as shown in Fig. 9 . From these figures it can be seen that the mode-mode couplings soften the potential-energy surface. As a result, the energy spectra are lowered.
Effects of the effective three-body interaction
As an improvement of the interaction from the previQus paper/ 2 ) the effective three-body interaction is included newly in this work. We discuss the effects of this interaction here. Table V displays the effects of this interaction on the observables for 76Se and looRu. We can see that the effective three-body interaction gives rise to the small increase of excitation energies as a whole. It was found that this is because of the enhancement of the anharmonicity due to this interaction, making a cancellation with the mode-mode coupling effects. This trend is the same as that stressed in Ref. 19) .
. Another important change can be seen in the quadrupole moment. Namely, the effective three-body interaction has a property such that it makes a system to be oblately deformed. This point can be understood in the following way. In the present case, the sign of the quadrupole moment is essentially determined by the relative sign between the quantities q(lO) and h (21) . Here, q(lO) denotes the coefficient of the first-order term in the collective representation of the quadrupole operator, and h (21) denotes the coefficients of one of the third-order terms in the collective Hamiltonian. Now, the part of h (21) arising from the effective three-body interaction, which we denote h~jP, can be written in terms of q(lO) ·as It can be seen that Mt The microscopic reasons of this success have been investigated by means of the mode-mode coupling analysis. Then the following two points have become clear. 1) The collective subspace corresponding to the anharmonic quadrupole vibrations in Se and Ru isotopes is characterized by the large coupling effect between the collective mode and the neutron pairing vibrational mode. This property of the collective subspace manifests in the spectra as the remarkable lowering of the energies of the 02+ states. 2) Although the coupling effects with the neutron pairing-vibrational mode are especially important as mentioned above, it is also necessary to take the effects of coupling with all the other noncollective modes into account in order to reproduce the experimental spectra. The enhancement mechanism of the coupling effect with the neutron pairing vibration has also been discussed in relation to the subshell structure. The importance of the mode-mode coupling has also been exhibited as the effect to soften the potential-energy surface.
We have also discussed the effects of the effective three-body interaction. The contributions of this interaction to the collective Hamiltonian have the tendency to weaken the effects of the mode-mode couplings. It has been pointed out that this interaction makes a system to be oblately deformed.
Recently, Takada et aL applied the see method to the SU(3) model,27) and showed that the 4-th order expansion is not sufficient in some cases compared with the results of the exact diagonalization. Of course, the results of Ref. 27 ) do not immediately imply that the 4-th order approximation is not sufficient in the cases of the H. Aiba realistic nuclei. It must be examined, however, whether the 4-th order approximation is a good approximation or not, in the future.
Finally, we mention that the Dyson-type representation of the see method has been applied also to Sm isotopes by Yamada, Takada and Tsukuma,28) and Yamada and Takada. 29 ) 
